In this work, we revisit the shear-free conjecture of general relativity and show the violation of the wellknown shear-free condition for perfect-fluid spacetimes. It had been shown in previous investigations that, in the general relativistic framework, the matter congruences of shear-free perfect fluid spacetimes should be either expansion-free or rotation-free. Our current investigation, however, indicates that a universe dominated by a Chaplygin gas can allow a simultaneous expansion and rotation of the fluid provided that certain non-trivial conditions, which we derive and describe below, are met. We also show that, in the appropriate limiting cases, our results reduce to the expected results of dust spacetimes which can only expand or rotate, but not both, at the same time.
I. INTRODUCTION
One of the most intriguing results obtained in general relativity (GR) is obtained by Gödel, who showed [1] that shear-free time-like geodesics of spatially homogeneous universes cannot expand and rotate simultaneously. This observation was later generalized by Ellis [2] to include inhomogeneous cases of shear-free time-like geodesics. This result remains true for all linearized cases for all physically realistic barotropic perfect fluids [3] , except for the case of a specific highly non-linear equation of state (EoS) which is considered non-physical. However, there are no such restrictions in Newtonian gravitation theory [4] [5] [6] . This is therefore problematic because Newtonian theory is a limiting case of GR. Even more interesting is that, in the linearized fourth-order gravity theory, there are solutions for which the universe can both rotate and expand simultaneously having the same properties as of Newtonian theory, but not of GR [7] .
Geodesics play an important role in the description of fluid flows in astrophysics and cosmology. The kinematics used of such fluid flows are described by three kinematical quantities: the expansion Θ, shear (or distortion) σ ab and rotation ω c , along with acceleration A a of the four-velocity field u a tangent to the fluid flow lines. The governing equations are obtained by contracting the Ricci identities (applied to u a ) along and orthogonal to u a , and determine how they couple to gravity [8] [9] [10] .
The Chaplygin Gas (CG) model in cosmology is one of the widely explored candidates for the dark matter-dark energy conundrum. It may thus be considered as alternative for the FLRW universe model [11] with an exotic perfect-fluid EoS [12] [13] [14] [15] [16] [17] able to describe a smooth transition between an inflationary phase, the matter-dominated decelerating era, and then a late-time accelerated de Sitter phase of cosmic expansion [18] [19] [20] [21] [22] [23] [24] .
The main objective of this work is to study the existence of simultaneously expanding and rotating shear-free spacetimes described by linearized perturbations of a CG dominated universe in a fully covariant way.
In this paper we use the natural units ( = c = k B = 8πG = 1) throughout. The Latin indices run from 0 to 3. The symbols ∇,∇ and the overdot ( . ) represent respectively, the usual covariant derivative, the spatial covariant derivative, and differentiation with respect to cosmic time. We use the (− + ++) spacetime signature.
II. THE FIELD EQUATIONS OF A CHAPLYGIN-GAS UNIVERSE
The standard Einstein-Hilbert action for GR is given by
where R is the Ricci scalar and L m corresponds to the matter Lagrangian. For models of gravitation with the above action, applying the variational principle-varying the action with respect to the metric, g ab -gives rise to the following field equations:
where G ab ≡ R ab − 1 2 Rg ab is the Einstein tensor, a covariantly conserved quantity, and T ab is the total energy momentum tensor (EMT), similarly conserved, given by:
Here u a is the direction of a timelike observer, h a b = g a b +u a u b is the projected metric on the 3-space perpendicular to u a . Also µ, p, q a and π ab denote the standard matter thermodynamic quantities: density, isotropic pressure, heat flux and anisotropic stress, respectively.
CG fluid models are perfect-fluid models currently posing as possible candidates to unify dark energy and dark matter. These fluid models were originally studied in [11] in the context of aerodynamics, but only recently did they see cosmological applications [12-14, 20, 22] . Among the interesting features of these models is that in the FLRW framework, a smooth transition between an inflationary phase, the matterdominated decelerating era, and then late-time accelerated de Sitter phase of cosmic expansion can be achieved [15, 19] . In the original idea, the negative pressure associated with the CG models is related to the (positive) energy density through the EoS
for positive constant A and α = 1. But this was later generalized to include other values of α such that 0 ≤ α ≤ 1(generalized Chaplygin gas) or to include modifications to the form of the EoS itself (modified Chaplygin gas, the generalized cosmic Chaplygin gas, etc) [19, 25] . For A = 0, the cosmology based on this model reduces to that of dust (pressureless matter). One of the first cosmological interpretations of such a fluid model was given in [26] where for flat universes, Eq. (4) corresponds to a viscosity term that is inversely proportional to dust energy density. Ever since the discovery of cosmic acceleration, however, both the original and generalized Chaplygin gas models have been extensively investigated as alternatives to dark energy and/or unified dark energy and dark matter models (see, e.g., [13, 15, 19, 21, 22, 27, 28] ).
III. LINEARIZED FIELD EQUATIONS ABOUT FLRW BACKGROUND
In the covariant description of spacetime (a somewhat detailed review of which can be found in [29, 30] ), the average motion of a cosmological fluid at a point can always be represented by a family of preferred worldlines in spacetime, with a uniquely defined average 4-velocity with respect to fundamental observers associated with the worldlines given as
where τ is the proper time measured along the worldlines. For any u a , there exist unique projection tensors with the following properties:
U a b projects along the 4-velocity vector u a whereas h ab projects the metric properties of the instantaneous restspaces of observers orthogonal to u a . This spacetime-splitting mechanism naturally defines the 3-volume element as
with the following identities,
Since it is a time-space split formalism, we define a covariant time derivative along the fundamental worldlineṡ
and a fully orthogonally projected covariant derivativẽ
for any tensor T a...b c...d . Orthogonal projections of vectors, the orthogonally projected symmetric trace-free (PSTF) part of tensors, and orthogonal projections of covariant time derivatives along u a (known as 'Fermi derivatives') are denoted by angular brackets as follows:
The covariant derivative of the timelike vector u a can now be decomposed into the irreducible parts as
where A a =u a is the acceleration, Θ =∇ a u a is the expansion, σ ab =∇ a u b is the shear tensor and ω a = ǫ abc∇ b u c is the vorticity vector. Similarly the Weyl curvature tensor can be decomposed irreducibly into the gravito-electric and gravito-magnetic parts as,
which provides a covariant description of tidal forces and gravitational radiation respectively.
A. Background thermodynamics and evolution
Considering shear-free perturbations, the shear tensor (σ ab ) and its derivatives vanish identically and the linearised field equations are then given as:
• Ricci Identities: In terms of the following identitieṡ
• (Contracted) Second Bianchi Identities:
Here it is worth noting that the constraints (C 1 ) a , (C 2 ), (C 3 ) ab , (C 5 ) a and (C 6 ) a are the constraints of the full Einstein field equations for general matter and are shown to be consistently time propagated along u a locally. However, the conditions π ab = 0 and q a = 0 give rise to the two new constraints (C 0 ) ab and (C 4 ) a respectively. We also use the following linearized commutation relations for shear-free congruences. For any scalar 'φ',
If the gradient of the scalar is of the first order, we then have
whereR = 2 µ − 1 3 Θ 2 is the 3-curvature scalar. Also for any first order 3-vector V a = V a , we have
Using the field equations and identities of this section, we will now investigate the compatibility of the new constraints with the existing ones in terms of the consistency of their spatial and temporal propagations.
IV. CONSTRAINTS OF THE SHEAR-FREE CONDITION
We have already seen that the conditions of shear-free perturbations and the matter being a perfect fluid in the perturbed spacetime gives the new constraints (C 0 ) ab and (C 4 ) a respectively, with π ab = 0 = q a . To check their compatibility with the existing constraints of Einstein field equations, we plug
From the constraint (C 4 ) b and using the CG EoS Eq. (4), we have
where
We note thatφ
Using Eq. (35) in (34), we obtain a new constraint equation, to linear order, given by
The field equations must satisfy this new constraint, which, in turn must, consistently propagate along spatial and temporal hypersections. To check for spatial consistency, we take the curl of Eq. (38) such that,
Breaking the PSTF part according to equation Eq. (12) and using the commutators (29) and (30) together with Eq. (28), and keeping terms only up to the linear order, we thus have
Again using Eqs. (28) and (9) in Eq. (40) and linearizing it, we have
Now from the relation Eq. (30) and using Eq. (20), we know that∇
and using it and Eq. (37), we can recast Eq. (41) as,
Here, one can easly notice that for A = 0, i.e., dust, the equation reduces to the well-known condition in GR i.e., µΘω a = 0 =⇒ Θω a = 0 .
This means that shear-free geodesics of the matter congruence in the perturbed spacetime should be either expansion-free or vorticity-free, or may be both. For the CG model, we have,
which indicates that either the matter congruence should be expansion-free or the vorticity-free must satisfy the condition
Here we have used the fact thatR = 2(µ − 1/3Θ 2 ).
In order to check for the temporal consistency, we take the time derivative of Eq. (43):
Now, using the following evolution relationṡ
Eq. (47) can be expanded to linear order as,
This equation automatically reduces to the well-known shearfree dust result for the case A = 0:
Now since the term inside the brackets is always positive, ω a = 0 is the only solution that satisfies this equation. In other words, we can have both ω a = 0 and Θ = 0 in Eq. (55), leading to a vorticity-free and non-expanding fluid model, or we can have Θ = 0 and ω a = 0 (expanding but non-rotating), but we cannot have it with Θ = 0 and ω a = 0 (simultaneously expanding and rotating) as per the structure of this equation.
For the general case of Eq. (54) with A = 0, all we can claim at this stage is that ω a = 0 does not automatically guarantee Θ = 0 and also Θ = 0 does not guarantee that ω a = 0 for Eq. (54) to be satisfied.
To further simplify our calculations a bit further-in an effort to find some concrete counter examples to the wellknown dust results of the shear-free conjecture-we employ the Laplace-Beltrami operator with an eigenvalue −λ such that∇
and rewrite Eq. (54) as
One can see from this equation that ω a does not have to vanish provided that expansion Θ satisfies the equation
it can be noticed this is possible provided that
Some special cases for which simultaneously expanding and rotating solutions can exist.
(i) For flat space,R = 0 , λ = 0
provided that the denominator is nonzero, i.e.,
As a concrete example of this, we see that since, in flat space, Θ 2 = 0 for only A = {µ 2 /3 , 2µ 3 /(2µ + 3λ)}, it means that Eq. (54) can be satisfied for non-vanishing ω a and Θ provided A = {µ 2 /3 , 2µ 3 /(2µ + 3λ)} .
(ii) For flat space, λ = 0 and A = {µ 2 , µ 2 /3}. In this case, we can have non-vanishing Θ and ω a provided that
In this work, we have shown that the inclusion of the original Chaplygin gas in the original GR gravitational field equa-tions will lead to a possibility of a simultaneous rotation and expansion of the universe in the almost FLRW model for the case of linearized sheer-free perturbations. Unlike previously known general relativistic results with pure dust, the Chaplygin-fluid model with simultaneously rotating and expanding solutions presents a closer connection to Newtonian gravity where such dynamics is allowed. We have shown that the results of our Chaplygin gas cases all reduce to the wellknown GR results of a pressure-free universe.
Although the current investigation involved the simplest case of the cosmological Chaplygin gas models (the original Chaplygin gas), it is evident from our results that the more general cases will have a bigger set of possibilities violating the classic shear-free conjecture.
